Consider a curve Γ in a domain D in the plane R 2 . Thinking of D as a piece of paper, one can make a curved folding P in the Euclidean space R 3 . The singular set C of P as a space curve is called the crease of P and the initially given plane curve Γ is called the crease pattern of P . In this paper, we show that in general there are four distinct non-congruent curved foldings with a given pair consisting of a crease and crease pattern. Two of these possibilities were already known, but it seems that the other two possibilities (i.e. four possibilities in total) are presented here for the first time.
. A given crease pattern Γ (left) and its realization (right) as a curved folding along the crease C.
Introduction
Let C be a space curve with positive curvature embedded in R 3 , and let Γ be a curve without inflections embedded in a plane R 2 . We assume that the maximum of the absolute value of the curvature function of Γ is less than the minimum of the curvature function of C. We are interested in curved foldings whose crease is C and crease pattern is Γ (cf. Figure 1 ). There is numerous literature in this subject, for example, [1, 3, 4, 5] are fundamental references. In this paper, we focus on curved foldings which are produced from a single curve Γ in R 2 . We let P(C, Γ) be the set of curved foldings whose creases and crease patterns are C and Γ, respectively. For a given curved folding P belonging to P(C, Γ), it is well-known that there is an adjacent curved foldingP of P which also belongs to P(C, Γ) such that P ∩P = C and P ∪P is a union of two developable regular surfaces. It is then natural to consider the following question:
Question. How many curved foldings can we have with the same crease and crease pattern?
Our purpose here is to give an answer to this question. We prove the following:
Theorem A. The cardinality of P(C, Γ) is at most four, that is, there are at most four possibilities for curved foldings with a given pair of crease and crease pattern.
Date: October 15, 2019. 1 We remark that such two possibilities have been known (see [1] ). Roughly speaking, these two possibilities depend on the orientation of crease pattern as a plane curve. We then reverse the orientation of the curve and obtain totally four possibilities. Moreover, we also show the following:
Theorem B. For a suitable choice of crease C and crease pattern Γ, the four curved foldings belonging to P(C, Γ) are non-congruent, that is, no two of them can be made equal by any isometry of the Euclidean 3-space R 3 .
fundamental properties of developable strips
We fix an interval I = [a, b] (a < b) in R and let c(t) (t ∈ I) be a C ∞differentiable curve embedded in R 3 parametrized by arc-length, and denote by κ(t) := |c ′′ (t)| its curvature function, where c ′′ := d 2 c/dt 2 . Thoughout this paper, we assume κ > 0. The vector fields e := c ′ , n := (1/κ)c ′′ , b := e × n along C := c(I) are called the unit tangent vector field, unit principal normal vector field and unit bi-normal vector field of c, respectively, where × denotes the vector product of R 3 . The torsion function τ of c is defined by τ := n ′ · b. We remark that the sign of our torsion function τ is opposite to that in [1] .
We fix a positive number ε > 0. To explain curved foldings, we consider a ruled surface: f : I × (−ε, ε) → R 3 written in the form
where ξ(t) is a vector field along C given by
and α(t) and β(t) (t ∈ I) are C ∞ -functions satisfying
We call such a ξ the normalized ruling vector field of f . If ε is sufficiently small, f gives an embedding. (In this setting, ξ − (cot β)e is a unit vector field, so the image of f on I × (−ε, ε) looks like a strip with constant width 2ε.) The functions α and β are called the first and the second angular functions of f , respectively. A ruled surface f is called a developable strip if its Gaussian curvature K vanishes identically. It is well-known that K = 0 is equivalent to the condition det(c ′ , ξ, ξ ′ ) = 0 (cf. [6, ). So f is developable if and only if
holds.
In particular, f is uniquely determined by the first angular function α. So we express f as f α when we wish to emphasize that f is associated with α. The normal vector ν and co-normal vector N of f α along C are given by
respectively. So the geodesic curvature of c as a curve on f is given by
where the dot denotes the inner product of R 3 . Using the Frent-Serret formula (cf. [6, (5.4) ]), we have
We let E(t)dt 2 + 2F (t)dtdv + G(t)dv 2 be the first fundamental form of f along the curve C. Then we have E = 1, F = cot β and G = cosec 2 β. On the other hand, letting L(t)dt 2 + 2M (t)dtdv + N (t)dv 2 be the second fundamental form of f along the curve c, using (2.5) we have
Here M = 0 holds because of (2.3). So, the mean curvature function H f (t) of f along C can be computed as (cf. [6, (9. 2)])
Since α(t) = 0 (t ∈ I), the mean curvature function does not have any zeros, and so f has no umbilics along C. In particular, the ruling direction (i.e. the asymptotic direction) of f is uniquely determined.
Properties of Curved foldings
We let f := f α be a developable strip with the first angular function α. Since f can be developed to a plane R 2 , the curve C corresponds to a curve Γ f in R 2 . Since the developing procedure preserves the geodesic curvature κ g of C, the curvature function µ f of the plane curve Γ f is given by µ f := κ cos α (cf. (2.4)). We call Γ f the generator of f .
Conversely, we give a procedure to construct developable strips from a given plane curve as follows: Let γ : I → R 2 be an embedded curve parametrized by arc-length without inflection points. We set Γ := γ(I). We assume the curvature function µ(t) of γ(t) is positive. We then define the function α : I → (0, π/2) (cf. (2.4)) so that
Since we have assumed 0 < |α| < π/2, it holds that
By (2.2) and (2.3), the developable strip f = f α is uniquely determined. We seť
and call it the dual of f . Since the first angular function of the dualf is −α, the second angular functionβ off is given by (cf. (2.3))
If C lies in a plane, then τ vanishes identically, and
holds. The geodesic curvature of C as a curve on the surface f is equal to µ(= κ cos α), which coincides with that of the corresponding curve on the surfacef . In particular, the initial plane curve Γ can be considered as a common generator of f andf . We then set
and call them origami-maps associated with the developable surface f . By definition
The curve Γ is called the crease pattern of ϕ f and ψ f , which is also the generator of f andf . For each δ ∈ (0, ε], we set
. We call the image P of the origami-map ϕ f a curved folding along C associated with f . Moreover, the imageP of the origami-map ϕf (= ψ f ) is called the adjacent curved folding associated with P . As in [1] , P ∩P = C holds, and P ∪P coincides with the union of the images of f andf (these properties are mentioned in the introduction). In Figure 2 (left, center), a pair of adjacent curved foldings along a circle is given. Actual curved foldings can be regarded as the images of origami-maps (see also [1] ). To justify the above mathematical definition of curved foldings, we prove here the following assertion, which can be considered to be one of important properties of curved foldings.
Theorem 3.1. Suppose C and Γ satisfy (3.2). Let P be a curved folding whose crease and crease pattern are C and Γ, respectively, and letP be the adjacent curved folding of P . Then P andP can be isometrically deformed to subsets of R 2 preserving its crease pattern Γ simultaneously (i.e. during this deformation, P anď P never meet each other). Moreover, the left-ward and right-ward second angular functions β andβ of P (resp.P ) are preserved during the isometric deformation.
To prove the theorem, we prepare the following:
Suppose that C has no symmetries. Then for any δ ∈ (0, ε], the image ϕ f (Ω δ ) cannot be congruent to a subset of ψ f (Ω ε ).
Proof. If not, there exist δ > 0 and an isometry T of R 3 such that T • ϕ f (Ω δ ) is a subset of ψ f (Ω ε ). Since T maps the crease of ϕ f to that of ψ f , it fixes the curve C. Since C has no symmetries, T must be the identity map. Since ϕ f (Ω δ ) (resp. ψ f (Ω δ )) is the closure of f (Ω + δ )∪f (Ω − δ ) (resp. f (Ω − δ )∪f (Ω + δ )), one of the following two cases occurs:
. Since f is a regular surface, (i) never occurs. On the other hand, sincef = f −α , the normalized ruling vector fieldξ off satisfiesξ · b = − sin α = −ξ · b along C. Thus, ξ never points in the direction ofξ. In particular, (ii) also never happens, a contradiction.
Proof of Theorem 3.1. We apply the existence theorem of isometric deformations of developable strips originally given in [6] : Let f be a developable strip along C whose generator is Γ. We let γ(t) (a ≤ t ≤ b) be the arc-length parametrization of Γ whose curvature function µ(t) is positive and coincides with the geodesic curvature of t → f (t, 0). Then we can regard P (resp.P ) as the image of the origamimap ϕ f (resp. ψ f ). By [6, Theorem B.6.3] , the developable strip f along C can be isometrically deformed into a domain in In particular, the second angular functionβ off s also does not depend on s. By [6, (B.6.12)], the normal curvature function of f s along c s is sκ n , which never vanishes for s ∈ (0, 1], where κ n is the normal curvature function of f along c. Thus, the curvature function of c s (t) is greater than µ(t). Moreover, by (ii), the geodesic curvature at c s (t) (s ∈ (0, 1]) does not vanish. In particular, the first angular function α s of f s satisfies 0 < |α s | < π/2, and (3.2) holds for each f s (s ∈ (0, 1]). For each s ∈ (0, 1], we denote by ξ s (resp.ξ s ) the normalized ruling vector field (cf. (2.2)) of f s (resp.f s ). We setf 0 := lim For each s ∈ [0, 1], we let P s (resp.P s ) be the image of the origami-map ϕ fs (resp. ψ fs ). When s = 0, {c ′ 0 , ξ 0 } (and also {c ′ 0 ,ξ 0 }) gives the same orientation to the plane R 2 . By (ii), we may assume c 0 = γ. Since µ > 0, the image f 0 (Ω + ε ) (resp.f 0 (Ω + ε )) lies in the left-hand side of Γ, and f 0 (Ω − ε ) (resp.f 0 (Ω − ε )) lies in the right-hand side of Γ. By (iv), the last assertion follows. As a consequence, {P s } s∈[0,1] (resp. {P s } s∈[0,1] ) gives a desired isometric deformation. During the procedure of isometric deformation, P s never meetsP s by Lemma 3.2, that proves the assertion.
We remark that there is an actual procedure to construct a pair of adjacent curved foldings as follows: Preparing two sheets of paper, we first draw a crease pattern on one sheet. We next draw the same pattern also on the other sheet. We then lay one sheet upon the other, and staple these sheets together along the common crease pattern. After that, we isometrically deform this two joined sheets as in Figure 2 
Proof of Theorem A
We set I := [a, b] (a < b) and let γ(t) (t ∈ I) be a regular curve in R 2 with arc-length parameter, which has no inflection points. We set Γ := γ(I). Let µ(t) be the curvature function of γ(t). Without loss of generality, we may assume µ > 0. We also assume
where κ(t) is the curvature function of c(t). We then define a function by
which is the curvature function of γ * (t) :
is a reflection on R 2 . The image Γ * := γ * (I) is congruent to Γ. Consider two functions α, α * : I → (−π/2, π/2) \ {0} so that
and define two functions β, β * :
.
We then consider the developable surfaces f := f α and f * := f α * along C. By definition, the second angular function of f (resp. f * ) is β (resp. β * ), and the generator Γ * of f * is congruent to Γ. We call f * the inverse of f , and call the duaľ f * of f * the inverse dual of f . It can be easily checked thatf * coincides with the inverse off . We denote by P,P , P * andP * , the images of ϕ f , ϕf (= ψ f ), ϕ f * and ϕf * (= ψ f * ), respectively. By this construction, P,P , P * andP * belong to P(C, Γ), in other words, P,P , P * andP * have the same crease C and crease pattern Γ. Thus, to prove Theorem A, it is sufficient to show the following assertion:
Proposition 4.1. The set P(C, Γ) consists of at most four elements.
We prepare the following lemma to prove the proposition. Proof. If we set Γ := γ(I), then Γ has two possibilities for orientation. Each orientation of Γ has a unique arc-length parametrization on closed interval I(= [a, b]), one being γ(t) (t ∈ I) and the other being γ(−t + a + b) (t ∈ I). Since the curvature function (up to ±-ambiguity) of a given parametrized curve determines the congruence class of this curve up to isometries of R 2 , by the fundamental theorem for plane curves (cf. [6, Theorem 2.8]), the lemma is obtained.
Proof of Proposition 4.1. Let f = f α be a developable strip along C whose generator is Γ and whose first angular function α(t) (t ∈ I) is positively valued. We fix Q ∈ P(C, Γ) arbitrarily, which can be expressed as the image of ϕ g , where g is a developable strip along C. The first angular functionα of g satisfies 0 < |α(t)| < π/2 for each t ∈ I. Thenμ := κ cosα gives the geodesic curvature of C as a curve on the surface g. So the crease patternΓ of Q has an arc-length parametrization whose curvature function isμ(t). Since Q ∈ P(C, Γ), the crease patternΓ of Q is congruent to Γ in R 2 . Soμ(t) must coincide with µ(t) or µ(−t + a + b), because of Lemma 4.2. Ifμ(t) = µ(t), then we haveα(t) = ±α(t). In particular, g coincides with f (resp.f ) ifα > 0 (resp.α < 0). On the other hand, ifμ(t) = µ(−t + a + b), then we haveα(t) = ±α(−t + a + b). In particular, g coincides with f * (resp.f * ) ifα > 0 (resp.α < 0).
Proof of Theorem B
We set I 0 := [0, 1] and consider a space curve c 0 (t) := arctan t, Figure 3 . The space curve C 0 (left) and the plane curve Γ 0 (right).
where t gives an arc-length parameter. We set C 0 := c 0 (I 0 ) (cf. Figure 3, left) . The curvature function κ and torsion function τ of c 0 are computed as
Since κ(t) = κ(1 − t), C 0 has no symmetries in R 3 because of the fundamental theorem for space curves (cf. [6, Theorem 5.2] ). We then consider a function α(t) := π(t + 10)/24. By (4.3), we have
We denote by f,f , f * andf * the developable strips along C 0 whose first angular functions are α, −α, α * and −α * , respectively. The generators of f,f , f * andf * are congruent to the plane curve Γ 0 indicated in Figure 3 Proof. Suppose that the assertion fails. By Lemma 3.2, P 1 (δ) (resp. P 2 (δ)) cannot be a subset of P 2 (ε) (resp. P 1 (ε)), and also P 3 (δ) (resp. P 4 (δ)) cannot be a subset of P 4 (ε) (resp. P 3 (ε)). So we may assume that i = 1, 2 and j = 3, 4 without loss of generality. Since T (P i (δ)) ⊂ P j (ε), we have T (C 0 ) = C 0 . Since C 0 has no symmetry, T must be the identity map. So we have P i (δ) ⊂ P j (ε). To make it easy to see the subscriptions, we set (cf. (2.6))
H := |H f |,Ȟ := |Hf |, H * := |H f * |,Ȟ * := |Hf * |. Then we can conclude that the pair of functions {H,Ȟ} must coincide with {H * ,Ȟ * }, since the absolute values of mean curvature functions are a geometric invariant. Using (2.6), one can compute that H,Ȟ, H * andȞ * are mutually distinct, as indicated in Figure 4 (left) , giving a contradiction. So we obtain the conclusion.
In Figure 4 (right) , the images of the four surfaces f,f , f * andf * are indicated, which are all distinct. In Figure 5 , the crease patterns with ruling directions of the four curved foldings {P i (ε)} i=1,...,4 for ε = 1/5 are drawn. The difference of ruling angles in these four patterns also implies that the four curved foldings have distinct images (the non-congruence of four foldings does not follow from this fact directly).
Figure 5.
Crease patterns with ruling directions for P 1 (ε) (upper-left), P 2 (ε) (upper-right), P 3 (ε) (lower-left) and P 4 (ε) (lower-right) for ε = 1/5.
Final remarks
• As in the proof of Theorem B, the mean curvature functions H,Ȟ, H * andȞ * are mutually distinct. Moreover, it is interesting that onlyȞ * is monotone increasing and H,Ȟ, H * are monotone decreasing, and alsoȞ * is greater than the other three functions. For these reasons, the geometric behavior of P andP look more gentle than that of P * andP * . • If C or Γ has a symmetry, the four elements of P(C, Γ) may not be noncongruent. For example, we set J := [−π/6, π/6] and consider a part of the unit circle c 1 (t) = (cos t, sin t, 0) (t ∈ J) and set C 1 := c 1 (J). We fix a C ∞function α(t) (t ∈ J) satisfying 0 < α < π/2 arbitrarily. We let f (t, v) be the developable strip along C 1 whose first angular function is α(t). Since C 1 is fixed under two isometric transformations S : (x, y, z) → (x, y, −z) and T : (x, y, z) → (x, −y, z), we havef := S • f , f * := T • f andf * := S • T • f . So all elements of P(C, Γ) are congruent each other. On the other hand, the four surfaces f,f , f * andf * have distinct images whenever α(t) is not an odd function. • If the crease C is a closed space curve, then curved foldings with the crease C and a common crease pattern consist of infinitely many congruence classes in general, see [2] for details.
